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1. Introduction

Modern notation of Kuratowski [7] and Vaidyanathswami’s local function
is got new flavour when the mathematicians are discussed the same in new
direction see [1, 3, 4, 5,9, 10, 16, 18, 19]. In this present discussion we further
consider the idea of local function and to determine new local function and
its associated set function. Characterizations of the values of these two set
operators are also discussed here. We also discuss the new topologies associated
with these two operators according.
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2. Preliminaries

Let T be a topology on a set ©. That is, (©, 1) (or simply ©) is a topological
space. Let & € 0O, then 1(9) is denoted as the gathering of all open sets

containing 9, whereas 1¢(9) denotes the gathering of all closed sets containing 9.
An ideal I on a set © is a non-empty collection of subsets of @, which satisfies

the following properties: (i)if A€ 1 and B C A, then B €1 (ii) if A, B €],

then A U B € 1. The triplecate (0, 1, I) constitute an ideal topological space.
For a subset A of O, the local function [7] of A in the ideal topological space

(©, 1, 1), is denoted as A* and defined as:
A*(, 1) ={8 € 0|Us N A £, for each Us € 1(9)}. We will denote A*(], 1) by

A* or A*(I). Whereas the co-local function [20] of A with respectto Il and t is
as follows:

A(LT)={0 € 0lFe N AZ], for each Fo € t(9)}.

3. ON LOCAL FUNCTIONS

The section discuss the relationships among various local functions through
the following examples.

Example 3.1. Let O = {8, %>, 33}, T = {0, O, {51}, {9}, {91, H}} and I =
{@, {01}}. Then 1< ={0, 0, {93}, {9, 53}, {91, 93}}. We consider A = {9, 93},
Then A* ={9,, 33} and A* = {91, 9>, 93}. Here, &1 € A* but §; € A*.

Example 3.2. In Example 3.1, if we take A = {9}, 93}, Then A* = {95} and
A ={8, %, 3:}. Here, 9 € A* but & £ A*. Also, 3> € A* but O, £ A*.

Example 3.3. Let O = {8, %>, 33}, T = {0, O, {51}, {9}, {01, =} and I =
{@, {01}}. Then 1€ = {®, ©, {83}, {92, 03}, {01, 93}}. We consider A = {0, 92},
Then A* = {9, 3», 93} and A- = {9»}. Here, & € A* but &, € A. Also,
9 € A* but 9: £ A-

Example 3.4. Let O = {5, 52, 33}, T = {0, O, {51}, {92}, {91, L} and I =
{@, {011}, Then t¢ = {0, 6, {93}, {9, 3}, {91, U3}}. We consider A = {92},
Then A* = {9,, 33} and A = {9>}. Here, & ZA* and 9, £ A".

Example 3.5. Let © = {51, 02, O3}, T = {0, 6, {1}, {92}, {091, %:}} and I =
{@, {01}} Then -I-c = {@, o, {193}, {192, 193}, {01, 193}} We consider A = {192, 03},
Then A* = {192, 03},A' = {01, 02, 03}, A x = {192, 193} and A*- = {191, 192, 193}
Therefore, A*- ¢ A" *.

Example 3.6. If we take A = {9, 32} in Example 3.5, then A* = {9y, &, 93},
A ={%}, A * ={9, 53} and A** = {9, %, 3}. Therefore, A** ¢ A" *.

Example 3.7. If we take A = {9y, 92} in Example 3.5, then A* = {9, 93},
A ={%}, A * ={9, 53} and A** = {9, %, 3}. Therefore, A*- ¢ A" *.
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4. CONFLICT OF LOCAL FUNCTION 1

Consider the decompose neighborhood of a point in a topological space ©
by, 1£(9) = {Us N Fo|l Us € 1(8) & Fo € 1<(9)}. Let A = O. We define
AL ) ={9€ 0| CenALZI V Co € (9)}.

Theorem 4.1. For the ideal 1 and the topology T on a set ©,
(i) @' = @.
(ii) A" < B! whenever A< B < 0.
(iii) (AU B)! = Al U B!, where A, B < O.
(iv) (A")! < A!, where A < 0O.
(v) I' =@, whenever | € 1.
(vi) (A\NI)'=A"=(AU)!, where A O &I €l
(vii) A' € A* & A' € A*, where A < 0.
(viii) A" \ B' = (A\ B)! \ B!, where A,B < 0O.
(ix) TONA'=TN(TNA)" < (TNA)!, where T is a closed set or an open set
&ACO

(x) AIN], T)=AYL 1) UA'(], 1), where ] is a more ideal on © & A < O.
Proof, (iii) léppose ¥ € (AUB)!, but 9 £ A" & & Z B'. Then there exist
Us, U € T99) suchthat UsNnA €1 & U NBET == UeﬂUeﬁAE

;0 . . . . .
[&Us N Ueﬁ B € I. Given that intersection o?two members of 1¢(9) is a again
’ [
a member of Jroc(ﬁ). Thus, Us N Ue N (AU B) €1, is a contradiction to the fact

that 9 € (AU B)!.
iv) Suppose & € (A")!. Then V Us € $¢(9), UsNA' €1 == Us N A" £
@, VU € 1(9). ft€ UsNA",then UdNAZ], as Ug € Jgc(t). Therefore,

o
geA.
(vii) Obvious from the fact that, Us € T(9) == Us € $(9) & Fo €
t<(9) == Ue € 15(0).
(viii) Itis obvious that A" \ B! < (A\ B)' \ B'. Now, lett € [(A\ B)! \ B'].
This implies that t € (A\ B)! but t £ B'. Implies that t € A" but t £ B' ==

t € (A" \ B'). This property is free from the collection, that is, it is hold for
any local function.

(ix) Itis known that (AN T)' < Al Its impliesTN(ANT) < T nNAL.
Now for closed set T, supposet € TN A'. Then, tET & tEA' == e‘v’#(t)e
0 ’

T(t), UsNAZT1 As T is a closed set containing t, then for all Ut
o

UsNTE $(t). Hence U NTNAZTL == t€ (TN A).
The proof will be similar when T is an open set.

Therefore, from above, the following operator induces a new topology.
Theorem 4.2. Let I be an ideal on © and t be a topology on ©. Then

H
(i) (A) = AUA' for any A < 0O, satisfies all the conditions of closure
operator.
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H
(ii) The open sets of the induced topology by the above operator are: {O <

H
ol (©\0)=0\0)}(=1"'say).
(iii) The gathering 01(1, 1) ={O \ I| Ois open or closed in© & I € 1} is
a basis for 1.

(iv) For any A < O, H(A) < C*(A) (where C*(A) = AU A* ) and H(A) c
C-(A) (where C:(A)=A U A") hold.
(v) TSt*< 1" &t < 1! hold.
Proof. (iii) Claim: o1(I, T) < 1!

1. Suppose F is closed in ©. PutA=0\ (F \J), where J € 1. Various
expressionof Ais, A=0\(F\J)=0\[FN(©O\J)]=(0O\F)UJ.

2. Suppose x £ A. Then x € F \ J and it follows that x € F. Now
FNA=FN[O\F)UJ]=FnNJ eEI This implies that x £ A", and hence
Al € A,

3. Aisclosed in 1, and hence (F\ J) € 1.

4. If U is open in ©, then by the similar way, we have again di(I, 1) < {'.

Finally, suppose t € V € 1!'. Thent £ (@ \ V) 2 (0 \ V)'. Then there
exists a Ut € T§(t) such that Ut N (@ \ V) € I. Thus, Ut \ V =J €1, and hence
teur\Jc V.

5. CONFLICT OF LOCAL FUNCTION 2

Define the un-decompose neighborhood of a point in © by, A 1§ (9) = {Us U
Fol Us € T(9) & Fo € 1€(9)}. Let A € ©. We define A, 1) ={3 € 0] Con
AZIL V Co € A $¢ (9)}

Theorem 5.1. For the ideal 1 and the topology 1 on a set O,

(i) ' =0

(ii) A* < B! whenever A< B < O.

(iii) (A U B)! = A' U B!', where A, B < 0O.

(iv) (A')! < A', where A < O.

(v) I' =@, whenever | € 1.

(vi) (A\NI)'=A'=(AU)}!, where A O &I €1

(vii) A* S A, A- S Al & A" € A!, where A < 0.
(viii) A* \ B = (A \ B)! \ B!, where A,B < 0O.

(ix) TNA' =TN(TNA) < (TNA)!, where T is a closed as well as an open

set & A< 0.
(x) AIN], T)=AYL T) U AL, 1), where ] is a more ideal on © & A < O.

Proof (iii) Suppose ¥ € (AU B)! but & £ A' & ¢ Z B'. Then there exist
Us, U eAT‘ﬂ)suchthatUeﬁAEI&U N B €1 Then, UsN U’ OAE

I&Uenu NBel == UsN U’ m(AuB)eI(as(WemW)u FemFS)C
(We U Fg) ﬁ (W U Fg) We reached a contradiction to & € (AU B)".

(vii) Last relatlon. Obvious from that fact that Us N Fe N A & I implies
UsUFeNAZI
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Theorem 5.2. Local function in Theorem 5.1 satisfies the following:
(i) Define (A)=AU A! forany A< ©. Then is a closure og)erator.
(ii) The open sets of the induced topology by the above operator  are: {O <

0| (6\0)=0\0)} (=1 say).
(iii) The gathering 0\(1, 1)={O \ /| Ois open and closed in® &1 € 1} is
a basis for T4.
(iv) Forany A< 0, Cx(A) = (A), C-(A) < I(A) & H (A) = J.(A) hold.
(v) Tttt &ttt < 1! hold.
Proof. Proof is quite similar with the Theorem 4.2. In addition, we only add
F is closed and open set in the last step of 4 in (iii).

6. NJAsTAD’s a sEToF -, ' & t!

In this section we shall consider the following operators to catch the a set
of the topologies 1°, T' & 1*.

For the topology 1 and the ideal I on a set ©, we mentioned that L .(A) =
O\ (®\A), Li(A)=0\(0\A) & Li(A) =0\ (0)\ A).

The gathering, {A < 0| A = ((L-(A))% (= 1+ say), {A = O] A =
(L1(A)7)} (= 141 say) & {A < O] A = ((L(A))°} (= T+ say) measure

the Nj3stad’s a set of the respective topologies, where — and 0 are mentioned
as the closure and interior operators respectively.

Theorem 6.1. For an ideal 1 & and a topology t on the set ©, following hold:
(i) T+ form atopology on ©, when 1< N 1={@}.
(i) 1+ form a topology on ©, when t N 1={@}.

(iii) 1+ form a topology on ©, when t N 1={@}

Lemma 6.1. The set © with ideal 1 & topology t satisfying following:
(i) L.(A)# @ <= Acontains a T --interior, when 1< N 1={@}.

(ii) L1(A) £ @ <= A contains a 1'-interior, when 1+ N 1={@}.

(iii) L1(A)£# @ <= A contains a t'-interior, when 1 N 1={@®}.

Lemma 6.2. The set © with ideal 1 & topology t satisfying following:
(i) {9} € sO(t") «= {9} € t+-.

(ii) {9} € sO(t1') «= {9} € t+11.

(iii) {9} € so(1') <= {8} € T+

Theorem 6.2. The set © with ideal 1 & topology 1 satisfying following:
(i) t+-isexactly collection suchthatAc 11 & B &€ SO(1°) == ANB¢E
SO(1°), when 1< n1={@}.
(ii) T+t is exactly collection suchthat A€ t11 & B SO(t') == ANBE
SO(1'"), when t N 1={@}.
(iii) t+!is exactly collection such that A€ 1+ & B € SO(1') == ANBE
SO(1'), when t Nn1={@}.
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Theorem 6.3. For the topology T on the set ©, a sets, T¢ consists of exactly

those sets A for which AN B € SO(t) for all B € SO(t). So 19 is a topology
on ©, known as a-topology.

Theorem 6.4. For the topology t & the ideal 1 on the set ©, following holds:
(i) 1+ =(1")9 when t<N1={@}

(i) t+1=(1")% when t N 1={0}.

(i) 1+ =(1')% when t N 1={@}

Further expression a sets in the various topologies are given bellow:

For the ideal topological space (0, 1,1), I~ ={A < 0| (A*)° = @} is further
an ideal. Then ideal makes following equivalent conditions:

Lemma 6.3. For the ideal topological space (©, 1, 1),
(i) t ni={o}
(ii) T N1~ ={p}
(iii) 1~ is the same as the gathering of nowhere dense sets of T (resp. 1' &
t);

are identical.

Theorem 6.5. For an ideal 1 and a topology 1 on the set ©, we have:
(i) t+-={0\N|lOE T, N eI}

(i) Tt ={0\N|O E !, N € I~}

Giii) tr={0o\N|lO € T, N €1~}

The proof of the results of section follows from [2, 6, 8, 11, 12, 13, 14, 15, 17].
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